Let N 0 be the set of non-negative integers, and let P (n,
Introduction
Let [n] = {1, . . . , n}, and let [n] k denote the family of all k-subsets of [n] . A family A of subsets of [n] is t-intersecting if |A ∩ B| ≥ t for all A, B ∈ A. One of the most beautiful results in extremal combinatorics is the Erdős-Ko-Rado theorem. Theorem 1.1 (Erdős, Ko, and Rado [13] , Frankl [14] , Wilson [37] ). Suppose A ⊆ [n] k is t-intersecting and n > 2k − t. Then for n ≥ (k − t + 1)(t + 1), we have
Moreover, if n > (k − t + 1)(t + 1) then equality holds if and only if A = {A ∈
[n] k : T ⊆ A} for some t-set T .
In the celebrated paper [1] , Ahlswede and Khachatrian extended the Erdős-Ko-Rado theorem by determining the structure of all t-intersecting set systems of maximum size for all possible n (see also [22, 28, 35] for some related results). There have been many recent results showing that a version of the Erdős-Ko-Rado theorem holds for combinatorial objects other than set systems. For example, an analogue of the Erdős-Ko-Rado theorem for the Hamming scheme is proved in [33] . A complete solution for the t-intersection problem in the Hamming space is given in [2] . Intersecting families of permutations were initiated by Deza and Frankl in [10] . Some recent work done on this problem and its variants can be found in [5, 7, 8, 11, 12, 17, 23, 25, 30, 31, 36] . The investigation of the Erdős-KoRado property for graphs started in [20] , and gave rise to [4, 6, 18, 19, 21, 38] . The Erdős-Ko-Rado type results also appear in vector spaces [9, 16] , set partitions [24, 26, 27] and weak compositions [29] .
. . , r. We say that the families A 1 , A 2 , . . . , A r are r-cross t-intersecting if |A 1 ∩ A 2 ∩ · · · ∩ A r | ≥ t holds for all A i ∈ A i . It has been shown by Frankl and Tokushige [15] 
k are r-cross 1-intersecting, then for n ≥ rk/(r − 1),
For different values of k's, we have the following result. and
Equality holds for k 1 + k 2 < n if and only if A 1 and A 2 consist of all k 1 -element resp. k 2 -element sets containing a fixed element.
In this paper, we prove an analogue of Theorem 1.2 for weak compositions with fixed number of parts. Let N 0 be the set of non-negative integers, and let P (n, l) denote the set of all weak compositions of n with l parts, i.e., P (n, l) = {(x 1 , x 2 , . . . , x l ) ∈ N l 0 :
. . , r) are said to be r-cross t-intersecting if |I(u 1 , u 2 , . . . , u r )| ≥ t for all u j ∈ A j . Our main result is the following. Theorem 1.3. Given any positive integers l 1 , l 2 , . . . , l r and t such that l = min(l 1 , l 2 , . . . , l r ) ≥ t + 2, there exists a constant n 0 = n 0 (l 1 , l 2 , . . . , l r , t) depending only on l j 's and t, such that for all n j ≥ n 0 , if the families A j ⊆ P (n j , l j ) (j = 1, 2, . . . , r) are r-cross t-intersecting, then
Moreover, equality holds if and only if there is a t-set T of {1, 2, . . . , l} such that A j = {u ∈ P (n j , l j ) : u(i) = 0 for all i ∈ T } for j = 1, 2, . . . , r.
Case r = 2
In this section, we will prove the following theorem which is a special case of Theorem 1.3.
Theorem 2.1. Given any positive integers l 1 , l 2 and t such that l = min(l 1 , l 2 ) ≥ t + 2, there exists a constant n 0 = n 0 (l 1 , l 2 , t) depending only on l 1 , l 2 and t, such that for all n 1 , n 2 ≥ n 0 , if the families A 1 ⊆ P (n 1 , l 1 ) and A 2 ⊆ P (n 2 , l 2 ) are 2-cross t-intersecting, then
Moreover, equality holds if and only if there is a t-set T of {1, 2, . . . , l} such that
A family B ⊆ P (n, l) is said to be independent if I(u, v) = ∅, i.e., |I(u, v)| = 0, for all u, v ∈ B with u = v. We shall need the following theorem [29, Theorem 2.3] Theorem 2.2. Let m, n be positive integers satisfying m ≤ n, and let q, r, s be positive integers with r, s ≥ 2 and n ≥ (2s) 2 r−2 q +1. If A ⊆ P (m, r) such that |A| ≥ n 1 q n+r−2 r−2 , then there is an independent set B ⊆ A with |B| ≥ s + 1.
Let u = (u 1 , u 2 , . . . , u l ) ∈ P (n, l). We define R(i, u) to be the element obtained from u by removing the i-th coordinate, i.e., R(i; u) = (u 1 , u 2 , . . . , u i−1 , u i+1 , . . . , u l ).
Inductively, if x 1 , x 2 , . . . , x t are distinct elements in [l] with x 1 < x 2 < · · · < x t , we define
In other words, R(x 1 , x 2 , . . . , x t ; u) is the element obtained from u by removing the coordinates
Let A ⊆ P (n, l). Let x 1 , x 2 , . . . , x t be distinct elements in [l] with x 1 < x 2 < · · · < x t , and y 1 , y 2 , . . . , y t ∈ [n]. We set A(x 1 , x 2 , . . . , x t ; y 1 , y 2 , . . . , y t ) = {u ∈ A : u(x i ) = y i for all i},
Note that
and |A * (x 1 , x 2 , . . . , x t ; y 1 , y 2 , . . . , y t )| = |A(x 1 , x 2 , . . . , x t ; y 1 , y 2 , . . . , y t )|.
. . , x t ; y 1 , . . . , y t ) has an independent set of size at least l − t + 1, then either
Proof. Suppose that |I(v, u)| ≥ t for all u ∈ A and v / ∈ {u ∈ P (n 2 , l 2 ) : u(x i ) = y i for all i}. Let B = {R(x 1 , x 2 , . . . , x t ; w i ) : i = 1, 2, . . . , l − t + 1}, be an independent set of size l − t + 1 in A * (x 1 , . . . , x t ; y 1 , . . . , y t ).
Note that w i ∈ A(x 1 , . . . , x t ; y 1 , . . . , y t ) for all i. Since v(x j ) = y j for some 1 ≤ j ≤ t, we have
for all i. Let z = R(x 1 , x 2 , . . . , x t ; v) and y i = R(x 1 , x 2 , . . . , x t ; w i ). Since B is independent,
On the other hand,
}, which is of size at most l − t, a contradiction. Hence, either part (a) or (b) of the lemma holds.
Proof of Theorem 2.1. Let w = (w 1 , w 2 , . . . , w l 1 ) ∈ A 1 and v = (v 1 , v 2 , . . . , v l 2 ) ∈ A 2 be fixed. Since A 1 and A 2 are 2-cross t-intersecting, we have
. . , x t ; w x 1 , w x 2 , . . . , w xt ).
Case 1. Suppose that
and
Case 2. Suppose that
This case is similar to Case 1. We will obtain
Case 3. Suppose that
for some t-set {y 1 , y 2 , . . . , y t } ⊆ [l] with y 1 < y 2 < · · · < y t . Since
it follows from Theorem 2.2 that A * 1 (x 1 , x 2 , . . . , x t ; v x 1 , v x 2 , . . . , v xt ) has an independent set of size at least l − t + 1, provided n 1 ≥ (2(l − t)) 2 l 1 −t−1 + 1. Similarly, A * 2 (y 1 , y 2 , . . . , y t ; w y 1 , w y 2 , . . . , w yt ) has an independent set of size at least l − t + 1, provided n 2 ≥ (2(l − t)) 2 l 2 −t−1 + 1.
It follows from Lemma 2.3 that
A 1 ⊆ {u ∈ P (n 1 , l 1 ) : u(y i ) = w y i for i = 1, 2, . . . , t} and A 2 ⊆ {u ∈ P (n 2 , l 2 ) : u(x i ) = v x i for i = 1, 2, . . . , t} .
This implies that
Clearly, equality holds if and only if w y i = 0 for all i = 1, 2, . . . , t. Similarly, |A 2 | ≤ 
By Theorem 2.2 and Lemma 2.3,
Since
This completes the proof of Theorem 2.1.
Proof of Theorem 1.3
Note that A i , A j are 2-cross t-intersecting for i = j. By Theorem 2.1,
Suppose equality holds. Then
and by Theorem 2.1, there is a t-set T ij of {1, 2, . . . , l} such that A i = {u ∈ P (n i , l i ) : u(x) = 0 for all x ∈ T ij } and A j = {u ∈ P (n j , l j ) : u(x) = 0 for all x ∈ T ij }.
Suppose that T ij = T ij ′ for some j = j ′ . Then A i = {u ∈ P (n i , l i ) : u(x) = 0 for all x ∈ T ij ∪ T ij ′ }, and |A i | ≤ n i +l i −t−2 l i −t−2
. So,
a contradiction. Hence T = T ij = T ij ′ for all j = j ′ . This completes the proof of Theorem 1.3.
